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We propose an experimentally feasible scheme for generating entangled terahertz photon pairs in
topological insulator quantum dots (TIQDs). We demonstrate theoretically that in generic TIQDs:
1) the fine structure splitting, which is the obstacle to produce entangled photons in conventional
semiconductor quantum dots, is inherently absent for one-dimensional massless excitons due to the
time-reversal symmetry; 2) the selection rules obey winding number conservation instead of the
conventional angular momentum conservation between edge states with a linear dispersion. With
these two advantages, the entanglement of the emitted photons during the cascade in our scheme is
robust against unavoidable disorders and irregular shapes of the TIQDs.
PACS numbers: 03.67.Bg, 71.70.Gm, 73.21.La, 78.67.-n
Introduction.— Entanglement is the heart of quan-
tum physics and quantum information technology[1–3].
Semiconductor quantum dots (QDs), named as artifi-
cial atoms, are one of the most promising sources for
quantum light, e.g., single photon and entangled pho-
ton pair [4–21], because, comparing with real atoms
and other sources, QDs possess an unique advantage
of being compatible with well-developed semiconduc-
tor integration[17, 19] as well as on-demand and non-
probabilistic feature[5, 6, 18] of biexciton cascade emis-
sion in QDs. The fine structure splitting (FSS), the
energy difference existing between two bright exciton
states in QDs with unavoidable irregular shapes, strongly
spoils the entanglement of the emitted photons[8]. To
overcome the FSS brought by breaking of rotational
symmetry, various methods such as sophisticated QD
growth control[9, 10, 14, 17, 19], external electric[13],
magnetic[8], and strain fields[15, 16, 20, 21], have been
used to manipulate and/or suppress the FSS of excitons
in semiconductor QDs. However, for practical devices
with large numbers of QDs differ from dot to dot, it is
a great challenge to scale all the QDs at the same time.
Therefore, QDs having no FSS intrinsically, regardless of
random alloy distributions and other uncontrollable ef-
fects, are essential to realize integrated entangled photon
emitters.
In this Letter, we show emitters composed of topolog-
ical insulator quantum dots (TIQDs) can produce tera-
hertz photon pairs with robust entanglement. We first
present the theory in detail with a HgTe QD to illus-
trate our main ideas and notations. Then we prove by
the time-reversal symmetry (TRS) and winding number
conservation, one-dimensional (1D) massless excitons in
generic TIQDs with random disorders and morphology
fluctuations are free from FSS, and the entanglement of
the produced photon pairs from the cascade process is
robust.
Topological insulator quantum dots.—We consider a
superconductor-TIQD hybrid system[22] as an example:
a TIQD is fabricated in a CdTe/HgTe/CdTe heterostruc-
ture by etching technique, and it is weakly coupled to
superconducting (SC) leads on two sides at p- or n-type
regime, respectively [see Fig. 1 (a)]. The low-energy elec-
tron states in the isolated HgTe QD are described by a
four-band effective Hamiltonian in the basis |e, ↑〉, |hh, ↑〉,
|e, ↓〉, and |hh, ↓〉[23, 24]:
H4×4 =
[
H↑(kˆ) 0
0 H↓(kˆ)
]
+ V (r) , (1)
where kˆ = (kˆx, kˆy) is the in-plane wavevector, H↑(kˆ) =
H∗↓ (−kˆ) = ǫ(kˆ)I2×2 + di(kˆ)σi, and σi (i = 1, 2, 3) are the
Pauli matrices; ǫ(kˆ) = C − Dkˆ2, d1,2(kˆ) = Akˆx,y, and
d3(kˆ) = M − Bkˆ2. The parameters A, B, C, D, and M
depend on the thickness of the HgTe layer. M is used to
describe the band insulator with a positive gap (M > 0)
and non-trivial topological insulator with a negative gap
(M < 0). The hard-wall confining potential V (r) is em-
ployed to describe potential difference between the vac-
uum and the TIQD with R as its radius. The eigenstates
of the QD |ψj,↑↓〉[25, 26] are linear combinations of de-
generate eigenstates of Jˆz which is conserved along the z
axis. Note, we refer to |ψj,↑↓〉 as spin-up (down) states,
as they are the eigenstates for the upper (lower) block of
the 4× 4 Hamiltonian.
For a given w↑↓ = j ∓ 1, the lowest energy state
|w, ↑↓〉 = |ψw±1,↑↓〉low with its energy ǫw,↑↓ in the non-
trivial gap [M,−M ], is a massless edge state[27, 28]. Here
we go beyond Refs. [27, 28] and use winding numbers to
classify the edge states: 2w↑↓ = (j ∓ 1/2) + (j ∓ 3/2)
is the total winding number in the basis |e, ↑↓〉 and
|hh, ↑↓〉 as we will explain below. The edge states lo-
calize on the edge and possess a linear energy disper-
sion ǫw,↑↓ = ±w · ∆ǫ + ǫ0. The energy level spacing
∆ǫ = −A[1 − (D/B)2]1/2R−1[27] depends on QD’s ra-
dius, and ǫ0 is the constant sets the Dirac point. |w, ↑〉
and |−w, ↓〉 = Θ |w, ↑〉 are always degenerate due to the
TRS. Here Θ = −iσyK is a time-reversal operator and
K is the operation of complex conjugation. Due to the
TRS, the backscattering between |w, ↑〉 and |−w, ↓〉 are
2FIG. 1: (color online). (a) Sketch of the proposed p-n junc-
tion with SC source and drain electrodes weakly coupled to
a HgTe QD whose Fermi level is controlled by a gate elec-
trode VG. (b) Energy diagram for the structure shown in
(a): ∆ is the SC gap; µs and µd are the Fermi energies of
the source and drain electrodes; EF is the Fermi level and
c (v) stands for conduction (valance) level we defined in the
HgTe QD; Red (blue) bars inside the QD region are spin-up
(down) edge states, w denotes their winding numbers; Shaded
circles with red (blue) arrows are spin-up (down) electrons;
The white circles on the drain side are holes; The ellipses
enclose two shaded (white) circles are electron- (hole-) type
Cooper pairs; Dashed arrows show the charge transfers from
the source to drain electrode through the HgTe QD as elec-
tron singlets. The thin grey areas are barriers between the
leads and the QD. (c) The initial state of the QD |2〉c |0〉v
goes through two indistinguishable pathes with the interme-
diate state
∣
∣σ+
〉 |↓〉c |↑〉v +
∣
∣σ−
〉 |↑〉c |↓〉v, and becomes an en-
tangled final state
(∣∣σ+σ−
〉
+
∣
∣σ−σ+
〉) |0〉c |2〉v /
√
2. σ± is a
right-handed (left-handed) circularly polarized photon carry-
ing one unit of angular momentum ±~. Dashed arrows are
possible decay pathes.
not allowed, therefore edge states possess a long spin
lifetime[29, 30]. The momentum matrix P ∝ ∂H4×4/∂k
is block-diagonal and will not couple the spin-up and
spin-down states, thus the transition between the edge
states with opposite spins is forbidden. For photons prop-
agating in z direction, circular polarized transitions only
exist between the states with the same spin while con-
serving j.
We assume the Fermi energy of the HgTe QD is be-
tween two energy levels ǫc = ǫ±1/2,↑↓ and ǫv = ǫ∓1/2,↑↓.
They are evenly away from the Dirac point, and the cor-
responding edge states have an additional TRS symme-
try iΘ |w, ↑↓〉 = |−w, ↑↓〉 because near the Dirac point
keeping the linear terms in k one has K[σyH↑↓(kˆ)σy ·
σy |w, ↑↓〉] = −H↑↓(kˆ)[iΘ |w, ↑↓〉] = ǫw,↑↓[iΘ |w, ↑↓〉]. We
call ǫc conduction level and ǫv valance level for conve-
nience. Hα = ǫα
∑
σ=↑↓ a
†
α,σaα,σ + Uαnα,↑nα,↓ is the
Hamiltonian for the conduction (α = c) or valance
(α = v) level. Two pairs of degenerate edge states
are obtained by the creation or annihilation operator:
a†α,↑↓ |0〉c = aα,↑↓ |2〉α = |↓↑〉α, where |0〉α is the empty
state and |2〉α = a†α,↑a†α,↓ |0〉α is the two-electron occu-
pied state for the conduction/valance (α = c/v) level.
We denote |↑↓〉c = |±1/2, ↑↓〉 and |↑↓〉v = |∓1/2, ↑↓〉
since the spin and angular momentum indices are locked
for the corresponding level. We will prove later: 1) when
there is one electron in the conduction level and one elec-
tron in the valance level, the resulting two-particle states
|↑〉c |↓〉v and |↓〉c |↑〉v are degenerate exciton states with
the same Coulomb repulsion U between the two electrons
due to the TRS; 2) Uc,v = U describes the charging en-
ergy by electron edge states in the conduction/valance
level.
Superconducting p-n junction as a light-emitting
diode.— We coupled the HgTe QD weakly to a s-wave
SC p-n junction, with pair potential ∆s,d and chemical
potential µs,d for its source (drain) lead [see Fig. 1 (b)].
eVsd = µs−µd is the bias voltage applied across the junc-
tion. µs,d is aligned to the conduction (valance) level
ǫc,v. Once the charge transfers through the p-n junc-
tion, biexciton state |2〉c |0〉v, which has two electrons
in the conduction level and no electron in the valance
level, would go through a two-step cascade process [see
Fig. 1 (c)]: 1) |2〉c |0〉v → |1〉c |1〉v, the biexciton un-
dergoes a spontaneous transition to |1〉c |1〉v, one of the
two degenerate exciton states |↑〉c |↓〉v and |↓〉c |↑〉v; 2)
|1〉c |1〉v → |0〉c |2〉v, the exciton state |1〉c |1〉v decays to
|0〉c |2〉v. During the cascade, two photons with energy
~ω0 ≃ eVsd, which is in terahertz (∼ meV), are produced.
Here we use a waveguide to produce photons propagating
along the z axis only[19, 31]. The transition is described
by the following Hamiltonian:
Hint = g
∑
qz
(
bˆ†qz,+a
†
v,↑ac,↑ + bˆ
†
qz ,−a
†
v,↓ac,↓
)
+ h.c., (2)
which conserves the Jz, as a right-handed (left-handed)
circularly polarized photon bˆ†qz,± |0〉 = |σ±〉 conveys one
unit of angular momentum ±~. The coupling strength
g ∼ e(~ω0/2ǫV )1/2 can be tuned by changing the vol-
ume of the waveguide. After each biexciton cascade, the
final two-photon state entangled with opposite circular
polarizations is
|ψ〉 = (∣∣σ+σ−〉+ ∣∣σ−σ+〉) /√2. (3)
This final state means the two sequentially produced pho-
tons in the z direction are polarization entangled: if the
first emitted photon is σ+ (σ−), then the second emit-
ted photon is σ− (σ+). For a HgTe QD with a radius
R = 150nm, both the biased voltage eVsd ≃ 2.4meV and
3the charging energy U ≃ 0.8meV[28] are smaller than
∆s,d ≈ 3meV (for Nb). In this case, we neglect the tran-
sitions creating a single quasiparticle in the SC leads.
The emission intensity of circular polarization entangled
photons equals to charge current through the junction.
The weak coupling between the HgTe QD and the SC
leads will slightly split the energy levels for two-particle
states |2〉c |0〉v and |0〉c |2〉v and shifts the frequencies of
emitted photons from the central frequency ω0[12, 26].
However, edge states and exciton states in the HgTe QD
is unaffected by this weak coupling, and the polarizations
and energies of the photons are uncorrelated. The delay
time τX between the first and second emission events is
much shorter than the emission time of the pair τXX
(τX/τXX ∼ 0.09)[12], thus the two photons in a pair
are time- and polarization-correlated. In our proposal,
the SC gaps forbid single quasiparticle creation in the
SC leads, so the entangled photons are produced pair
by pair and could be identified efficiently in the time
domain. This pair-by-pair feature could also appear in
a large non-trivial gap (about 0.3eV) TIQD[32] with the
aid of the Pauli exclusion principle[4].
Superradiance and Josephson effect has been discussed
in similar SC p-n systems[12, 33]. Here we neglect these
effects because the absence of a static in-plane electric
field does not allow the emission of a single photon
from Cooper pair transfer through the QD via Josephson
effect[12]. Our proposal is based on the biexciton cascade
process which is not related to the Josephson effect.
FIG. 2: (color online). Calculated |c1/c0|2 for 103 TIQDs us-
ing finite element method. The TIQDs are generated by fluc-
tuating their radius randomly as r0 [1 + δrf (θ)] in the polar
coordinate system; r0 = 150nm, f (θ) ∈ [−1, 1] is a random
function. The results are classified by δr which denotes the
maximum fluctuation percentage. The inset shows the density
distributions of an edge state in one of the randomly shaped
TIQDs.
Zero FSS in generic TIQDs.— We now prove in
generic TIQDs, two-particle states |↑〉c |↓〉v and |↓〉c |↑〉v
are degenerate exciton states without FSS. |↑〉c |↓〉v and
|↓〉c |↑〉v are products of edge states which satisfy: 1)
|↓〉α = |Θ ↑〉α (α = c, v) due to the TRS; 2) more specifi-
cally, an additional TRS symmetry |↑↓〉c = iΘ |↑↓〉v near
the Dirac point. These two relations hold, not only for
HgTe QDs, but also for generic TIQDs that are composed
of other materials.
The two-particle Hamiltonian for the conduction and
valance level is Hcv =
∑
α=c,v
∑
σ=↑↓ ǫαa
†
α,σaα,σ + Vˆ ,
where Vˆ is the Coulomb interaction between the two
electrons. The bright exciton states must be the lin-
ear combinations of the two-particle states |↑〉c |↓〉v
and |↓〉c |↑〉v[26]. In the basis {|↑〉c |↓〉v , |↓〉c |↑〉v},
the off-diagonal term of Hcv is 〈↑|c 〈↓|v Hcv |↓〉c |↑〉v =
〈↑|c 〈↓|v Vˆ |↓〉c |↑〉v = 0[26] as Vˆ commutes with the time-
reversal operator Θ2 = −1. Two diagonal terms are also
the same as 〈↑|c 〈↓|v Vˆ |↑〉c |↓〉v = 〈↓|c 〈↑|v Vˆ |↓〉c |↑〉v ≡
U . Therefore |↑〉c |↓〉v and |↓〉c |↑〉v are degenerate exci-
ton states with the same energy ǫc + ǫv + U . Besides,
Uα = 〈↑|α 〈↓|α Vˆ |↑〉α |↓〉α = U (α = c, v)[26].
On the other side, the exciton FSS arises from the
exchange interaction between two exciton states. Note
that, by swapping its electron with the hole, |↑〉c |↓〉v is
transformed to |↓〉c |↑〉v. The exchange energy[34] Eex ∝
〈↑|c 〈↓|v Vˆ |↓〉c |↑〉v = 0 leads to vanishing FSS between
the two exciton states. The physical reason behind the
zero FSS is that the backscattering is forbidden by TRS.
It is necessary to emphasize that, the unavoidable non-
magnetic disorders and morphology variations of a TIQD
will not break TRS. Therefore the FSS vanishes between
exciton states |↑〉c |↓〉v and |↓〉c |↑〉v in generic TIQDs as
long as the TRS symmetry exist. This is the significance
between the TIQDs and the conventional semiconductor
QDs studied before.
Winding number conservation.— One may intuitively
conclude SO (2) symmetry in an actual TIQD will be bro-
ken, so that Jz is not conserved and the original selection
rules do not hold. Therefore, the final photon state |ψ′〉 =
c0 (|σ+σ−〉+ |σ−σ+〉) /
√
2 + c1 (|σ+σ+〉+ |σ−σ−〉) /
√
2
with |c0|2 + |c1|2 = 1 possesses the reduced fidelity
F = [1+|c1/c0|2]−1 with respect to Bell state. To quanti-
tatively analyze the magnitude of |c1/c0|2, we have per-
formed finite element method simulations[26] on about
103 different HgTe QDs with random shapes. We gener-
ate these QDs by fluctuating their boundaries as r (θ) =
r0[1 + δrf (θ)] in the polar coordinate system, where the
mean radius is r0 =
∫ 2pi
0
r (θ) dθ/2π while the random
function f (θ) ∈ [−1, 1] satisfies f (θ) = f (θ + 2π), where
δr is a dimensionless number characterizing the maxi-
mum fluctuation percentage (typically less than 10% in
experiments). The simulation results (see Fig. 2) show
that the irregularities of the TIQDs’ configurations only
cause neglectable deviations (. 10−4) of selection rules
4from that with a perfect circular shape.
We have a topological explanation for this robustness
of selection rules against randomness of the TIQDs’ mor-
phologies. Consider a 1D system on a closed loop with
linear dispersion (see Fig. 3). The Hamiltonian for the
FIG. 3: (color online). A 1D system on a closed loop with
linear dispersion. 〈ϕn| kˆθ |ϕn〉 is the winding number counting
the total number of counterclockwise turns that |ϕn〉 makes
around the origin.
system reads Hˆ = ∆ǫ · kˆθ+V (θ) and depends on a single
parameter θ ∈ [0, 2π]. Both the variations of the radius
r (θ) and the disorder potential V (θ) break SO (2) sym-
metry. Although Jz is no longer conserved, eigenstate
of the system 〈θ|ϕn〉 = exp[iφn (θ)]/
√
2π with energy
n ·∆ǫ+ ǫ0 has a well defined winding number
wn =
∫ 2pi
0
〈ϕn|θ〉 〈θ| − i∂θ|ϕn〉 = n, (4)
because its phase term φn (θ) = nθ + δ (θ) must sat-
isfy φn (θ + 2π) = φn (θ) + 2πn (n ∈ Z) to match the
periodical boundary condition. The phase-shift term
δ (θ) = [ǫ0θ +
∫ θ
0
V (θ′) dθ′]/∆ǫ with δ (2π) = 0 is in-
dependent of n, which is possible only for a massless
1D system. The winding number characterize the total
number of counterclockwise turns that the wavefunction
makes around the origin. The coupling between eigen-
states |ϕn〉 and |ϕn′〉 with different winding numbers n
and n′ by circularly polarized photon with angular mo-
mentum ±1 is proportional to
C±n,n′ = 〈ϕn| rˆ± |ϕn′〉 =
∫ 2pi
0
〈ϕn|θ〉 r (θ) e±iθ 〈θ|ϕn′〉
= r0δn,n′±1 + r0δr
∫ 2pi
0
f (θ) ei(−n+n
′±1)θdθ/2π.
(5)
The second term of C±n,n′ vanishes when n = n
′ ± 1 be-
cause
∫ 2pi
0
f (θ) dθ/2π = 0. It can be neglected when n 6=
n′ ± 1 because ∫ 2pi
0
f (θ) exp[i (−n+ n′ ± 1) θ]dθ/2π =
fn′±1−n is the (n
′ ± 1− n)th Fourier coefficient of f (θ),
and |fn′±1−n| ≪ 1 for a random fluctuation[35]. There-
fore the selection rules for circularly polarized photons
in this system respect winding number conservation n =
n′±1. On the other hand, the edge states in a TIQD are
naturally quasi 1D states (see inset in Fig. 2) with linear
dispersions regardless of the TIQD’s shape due to their
massless feature, which also originates from the topolog-
ical property of the TIQD[29, 30]. The winding number
for each of the edge states in a specific basis, e.g., {|e, ↑↓〉 ,
|hh, ↑↓〉}, is well defined. Therefore the selection rules
between edge states in TIQDs respect the conservation
of the topological winding number. The zero FSS to-
gether with the winding number conservation during the
cascade process in TIQDs results in the final two-photon
state, whose entanglement is robust against disorders,
morphology fluctuations and asymmetry of the TIQD.
Conclusion.— In this Letter, we proposed a realiz-
able scheme to produce photon pairs at terahertz regime
with robust entanglement in generic topological insulator
quantum dots (TIQDs). We prove one-dimensional mass-
less excitons composed of edge states with linear disper-
sions in TIQDs are free from the fine structure splitting
(FSS) due to the time-reversal symmetry. The entan-
glement of the emitted photon pairs from the cascade
process is robust against disorders and morphology fluc-
tuations in TIQDs, because of the absence of FSS and the
selection rules between edge states respecting the wind-
ing number conservation. Both merits root in the topol-
ogy of the proposed TIQD. These two findings have not
been discussed in previous literatures as far as we know.
Note that our results are valid near the Dirac point where
the dispersions of edge states are linear. This discovery
paves a new way towards the future applications and inte-
grations of entangled photon pair emitters, and possible
novel optical devices based on winding number conserva-
tion, by utilizing the massless edge states of topological
materials. Our scheme, which can be implemented using
current experimental techniques, is free from the require-
ments to fabricate quantum dots with high symmetry and
sophisticated regulations to eliminate FSS.
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I. Eigenstates in a Circular HgTe Quantum Dot
The low-energy electron states in the HgTe QD are described by a four-band effective Hamiltonian in the basis
|e, ↑〉, |hh, ↑〉, |e, ↓〉, and |hh, ↓〉:
H4×4 =
[
H↑(kˆ) 0
0 H↓(kˆ)
]
+ V (r) , (1-1)
where kˆ = (kˆx, kˆy) is the in-plane wavevector, H↑(kˆ) = H
∗
↓ (−kˆ) = ǫ(kˆ)I2×2 + di(kˆ)σi, and σi (i = 1, 2, 3) are the
Pauli matrices; ǫ(kˆ) = C −Dkˆ2, d1,2(kˆ) = Akˆx,y, and d3(kˆ) = M − Bkˆ2. The hard-wall confining potential V (r) is
employed to describe potential difference between the vacuum and the TIQD with R as its radius. The four-band
Hamiltonian is derived from the full multi-band Hamiltonian with strong spin-orbit coupling and band mixing effects
included. The total angular momentum Jˆz,↑↓ = Lˆz + Sˆz,↑↓, where Lˆz is the orbit azimuthal angular momentum,
and Sˆz,↑↓ is the spin projection onto the z direction, which is ±1/2 for |e, ↑↓〉 and ±3/2 for |hh, ↑↓〉. One can verify
[H↑↓, Jˆz,↑↓] = 0.
The eigenstate of Jˆz in the basis {|e, ↑〉 , |hh, ↑〉 , |e, ↓〉 , |hh, ↓〉} satisfying Jˆz,,↑↓ |ψj,↑↓〉 = j |ψj,↑↓〉 has the form
ψj,↑↓(r, φ) = {c1,↑↓Jj−1/2 (kr) exp[i (j ∓ 1/2)φ], c2,↑↓Jj−3/2 (kr) exp[i (j ∓ 3/2)φ]}T (1-2)
in the polar coordinate. For bulk states with no boundary constraints on k, the eigenequation is Hˆ↑↓ |ψj,↑↓〉 = ǫ |ψj,↑↓〉,
which leads to M1,↑↓[c1,↑↓, c2,↑↓]T = 0 and the relation between k and ǫ:
detM1,↑↓ = 0, (1-3)
where
M1,↑↓=
[
M −B+k2 − ǫ ∓iAk
±iAk −M +B−k2 − ǫ
]
. (1-4)
As the bulk spectrum has two branches, for a given value of ǫ there are two non-trivial solutions ki
(i = 1, 2) for the momentum. For eigenstates in the QD, we are able to satisfy their vanishing boundary
condition ψj,↑↓ (R) = 0 by combining two linearly independent degenerate solutions in the bulk ψj,↑↓ (r) =∑2
i=1[c1i,↑↓Jj∓1/2 (kir) , c2i,↑↓Jj∓3/2 (kir)]
T and requiring the coefficients to satisfy M1,↑↓[c1i,↑↓, c2i,↑↓]T = 0. For
convenience we define γ2i,↑↓ as
γ2i,↑↓ = c2i,↑↓/c1i,↑↓ = ±iAki/(−M +B−k2i − ǫ). (1-5)
Therefore
ψj,↑↓ (r) =
2∑
i=1
c1i,↑↓[Jj∓1/2 (kir) , γ2i,↑↓Jj∓3/2 (kir)]
T , (1-6)
then ψj,↑↓ (R) = 0 leads to M2,↑↓[c11,↑↓, c12,↑↓]T = 0 and the equation to fix the eigenenergy:
detM2,↑↓ = 0, (1-7)
where
M2 =
[
Jj∓1/2 (k1R) Jj∓1/2 (k2R)
γ21,↑↓Jj∓3/2 (k1R) γ22,↑↓Jj∓3/2 (k2R)
]
. (1-8)
2II. Emissions from the Superconducting p-n Junction
The weak coupling between the QD and the SC leads induce a pair potential ∆c,v = exp[iφs,d]Γs,d/2 for the
conduction (valance) level, i.e., the proximity effect. φs,d is the phase of the corresponding ∆s,d, and Γs,d characterize
the broadening of the conduction (valance) level proportional to square of the tunneling amplitude (assuming Γs,d ≪
|∆s,d|, i.e., the coupling between the QD and SC leads is weak). The effective low-energy Hamiltonian for the
conduction (α = c) or valance (α = v) level is
H˜α = ǫ˜α
∑
σ=↑↓
a†α,σaα,σ + Unα,↑nα,↓
+∆αa
†
α,↑a
†
α,↓ +∆
∗
αaα,↓aα,↑, (2-1)
where ǫ˜c,v = ǫc,v − µs,d counts from µs,d. By diagonalizing H˜α, beside two degenerate states a†α,↑↓ |0〉α with energy
ǫ˜α, there are excited and ground states being linear superposition of empty state |0〉α and fully occupied two-particle
state |2〉α, i.e.,
|±〉α = − exp[−iφα] |uα,±| |0〉α + |uα,∓| |2〉α , (2-2)
with
ǫ˜α,± = εα ± (ε2α + |∆α|2)1/2, (2-3)
where εα = ǫ˜α + U/2 and |uα,±| = (1/
√
2)× [1± εα/(ε2α + |∆α|2)1/2]1/2.
FIG. 1: (a) Sketch of the energy level splittings for two-particle states in the HgTe QD weakly coupled to SC electrodes. The
p-n junction is biased with a voltage Vs,d. The cascade produces two photons with opposite circular polarization σ
±. (b)
Emission intensity of time- and polarization-correlated photons emitted from the biexciton cascade. The central frequency
~ω0 ≃ eVsd. The dominant cascade process is |−〉c |+〉v → |1〉c |1〉v → |−〉c |+〉v. Parameters: ǫ˜c = ǫ˜v = 0, U = 3, Γph = 0.02
(in units of ∆c = ∆v).
The emission intensity computed versus photon frequency ω is shown in Fig. 1 (b). The emission intensity is
i (ωqz) =
∑
ab,p w
p
a→b (ωqz ) ρa with the transition rate w
p
a→b (ωqz) = (2π/~)
∑
qz
|〈b; qz, p |Hint| a; 0〉|2 δ[ǫ˜ab − ~ω˜qz +
iΓph]. We will explain below the symbols in i (ωqz) and w
p
a→b (ωqz):
a, b are one of six possible states in the QD {|+〉c |+〉v, |+〉c |−〉v, |−〉c |+〉v, |−〉c |−〉v, |↑〉c |↓〉v, |↓〉c |↑〉v} [see Fig.
1 (a)]. These six states are direct products of two eigenstates (one from the conduction level and another one from
the valance level) and can always be expanded by in the basis {|2〉c |2〉v,|0〉c |0〉v,|2〉c |0〉v,|0〉c |2〉v,|↑〉c |↓〉v,|↓〉c |↑〉v}.
In our work we only use electron notations and do not introduce hole operators. For example, |2〉c |0〉v means there
are two electrons in the conduction level and no electron in the valance level (biexciton); |1〉c |1〉v means there is one
electron in the conduction level and one electron in the valance level (exciton); |0〉c |2〉v means there is no electron in
the conduction level and two electrons in the valance level (no exciton).
3p = σ± denotes the polarization; ǫ˜ab = ǫ˜a−ǫ˜b is the energy difference between states a and b (Note that ǫ˜a or ǫ˜b is the
energy for two-particle state); ω˜qz = ωqz −ω0 is the frequency shift caused by proximity effect; and Γph = 2πνph |g|2 is
the broadening of the emission peaks with νph the photon DOS assumed to be independent of energy and polarization.
The probabilities ρa are determined by the stationary solution of the master equation ρ˙a =
∑
b,p[W
p
b→aρb−W pa→bρa],
W pa→b =
∫
dω′wpa→b (ω
′).
At the first glance, it is weird to see the initial state of the QD is the same with the final state after biexciton cascade.
In fact, the state |−〉c |+〉v is the superposition of two parts: |2〉c |0〉v with two electrons in the conduction level and
|0〉c |2〉v with two electrons in the valance level. Therefore the initial state is actually the |2〉c |0〉v part of the |−〉c |+〉v
and the final state is the |0〉c |2〉v part of the |−〉c |+〉v. However, with induced pair potential ∆c,v, |2〉c |0〉v and
|0〉c |2〉v are no longer two-particle eigenstates. One has to calculate the process like |−〉c |+〉v → |1〉c |1〉v → |−〉c |+〉v
instead of |2〉c |0〉v → |1〉c |1〉v → |0〉c |2〉v, while the frequencies of the emitter photons are shifted from the central
frequency ~ω0 = (2ǫc + U)− (ǫc + ǫv + U) = (ǫc + ǫv + U)− (2ǫv + U) = ǫc − ǫv = eVsd, where 2ǫc + U is the energy
for |2〉c |0〉v state; 2ǫv + U is the energy for |2〉c |0〉v state; (ǫc + ǫv + U) is the energy for |1〉c |1〉v state.
III. Coulomb Interactions between Two Particle States
The two-particle Hamiltonian for the conduction and valance level is
Hcv =
∑
α=c,v
∑
σ=↑↓
ǫαa
†
α,σaα,σ + Vˆ , (3-1)
where Vˆ is the Coulomb interaction between the two electrons. Any exciton state must be the linear combinations
of the two-particle basis {|↑〉c |↓〉v , |↓〉c |↑〉v , |↑〉c |↑〉v , |↓〉c |↓〉v}, in which one electron is in the conduction level and
another in the valance level. These two-particle states are products of edge states which satisfy: 1) |↓〉α = |Θ ↑〉α
(α = c, v) due to the TRS; 2) an additional symmetry |↑↓〉c = iΘ |↑↓〉v as the conduction and valance level are evenly
away from and near the Dirac point. These two relations hold, not only for HgTe QDs, but also for generic TIQDs
that are composed of other materials and can have irregular shapes.
In the two-particle basis {|↑〉c |↓〉v , |↓〉c |↑〉v , |↑〉c |↑〉v , |↓〉c |↓〉v},
Hcv =


ǫc + ǫv + U 0 0 0
0 ǫc + ǫv + U 0 0
0 0 ǫc + ǫv + U
′ 〈↑|c 〈↑|v Vˆ |↓〉c |↓〉v
0 0 〈↓|c 〈↓|v Vˆ |↑〉c |↑〉v ǫc + ǫv + U ′

 , (3-2)
where
U = 〈↑|c 〈↓|v Vˆ |↑〉c |↓〉v = 〈Θ ↓|c 〈−Θ ↑|v Vˆ |Θ ↓〉c |−Θ ↑〉v = 〈↓|c 〈↑|v Vˆ |↓〉c |↑〉v , (3-3)
U ′ = 〈↑|c 〈↑|v Vˆ |↑〉c |↑〉v = 〈Θ ↓|c 〈−Θ ↓|v Vˆ |Θ ↓〉c |−Θ ↓〉v = 〈↑|c 〈↑|v Vˆ |↓〉c |↓〉v .
All but two off-diagonal terms in Hcv are zero. For example,
〈↑|c 〈↓|vHcv |↓〉c |↑〉v = 〈↑|c 〈↓|v Vˆ |↓〉c |↑〉v = I1 − I2 = 0, (3-4)
in which |↑〉c |↓〉v = [|↑1〉c |↓2〉v − |↑2〉c |↓1〉v]/
√
2, |↓〉c |↑〉v = [|↓1〉c |↑2〉v − |↓2〉c |↑1〉v]/
√
2 where we assign 1 and 2
explicitly to label two identical electrons;
I1 = 〈↑1|c 〈↓2|v V12 |↓1〉c |↑2〉v = 〈↑1|c 〈↓2|v V12 |Θ ↑1〉c |↑2〉v
=
〈
Θ2 ↑1
∣∣
c
〈↓2|v V12 |Θ ↑1〉c |↑2〉v = −I1 = 0, (3-5)
I2 = 〈↑1|c 〈↓2|v V12 |↓2〉c |↑1〉v = 〈iΘ ↑1|v 〈↓2|v V12 |iΘ ↓2〉v |↑1〉v
= 〈Θ ↑1|v 〈↓2|v V12 |Θ ↓2〉v
∣∣Θ2 ↑1〉v = −I2 = 0. (3-6)
Note that V12 = V21 is the Coulomb interaction between the electron 1 and 2 and V12 commutes with the time-reversal
operator Θ2 = −1 for fermions. Other zero off-diagonal terms can be obtained by similar analysis.
Among the four two-particle states {|↑〉c |↓〉v , |↓〉c |↑〉v , |↑〉c |↑〉v , |↓〉c |↓〉v}, |↑〉c |↑〉v and |↓〉c |↓〉v are dark states. The
optical transitions within |↑〉c |↑〉v and |↓〉c |↓〉v are not allowed because the spin-up (down) states are fully occupied
in |↑〉c |↑〉v (|↓〉c |↓〉v) state, while transitions between opposite spin states are forbidden.
4These two dark states are irrelevant to our cascade process, and do not couple with other two bright states.
Therefore, the bright exciton states must be linear combinations of two-particle bright states |↑〉c |↓〉v and |↓〉c |↑〉v.
In the two-particle basis {|↑〉c |↓〉v , |↓〉c |↑〉v}, as we analyzed above,
Hcv =
[
ǫc + ǫv + U 0
0 ǫc + ǫv + U
]
, (3-7)
therefore |↑〉c |↓〉v and |↓〉c |↑〉v are degenerate bright exciton states with the same energy ǫc + ǫv + U .
The Coulomb repulsion between two electrons in the same conduction/valance level is
Uc = 〈↑|c 〈↓|c Vˆ |↑〉c |↓〉c = 〈iΘ ↑|v 〈iΘ ↓|v Vˆ |iΘ ↑〉v |iΘ ↓〉v = Uv, (3-8)
while the Coulomb repulsion between one electron in the conduction level and another electron in the valance level is
U = 〈↓|c 〈↑|v Vˆ |↓〉c |↑〉v = 〈iΘ ↓|v 〈↑|v Vˆ |iΘ ↓〉v |↑〉v = Uv, (3-9)
therefore Uc,v = U .
IV. Notes on Finite Element Method Simulations
To obtain the edge states in the deformed HgTe QD, we still start from the four-band effective Hamiltonian in the
basis |e, ↑〉, |hh, ↑〉, |e, ↓〉, and |hh, ↓〉:
H4×4 =
[
H↑(kˆ) 0
0 H↓(kˆ)
]
+ V (r) , (4-1)
but here V (r) is the hard-wall potential with its boundary described by r (θ) = r0[1+ δrf (θ)] in the polar coordinate
system, with the mean radius r0 =
∫ 2pi
0
r (θ) dθ/2π and the random function f (θ) ∈ [−1, 1] satisfies f (θ) = f (θ + 2π).
δr is a dimensionless number characterizing the maximum fluctuation percentage. Each random function for each of
the QDs is generated independently as
f (θ) = (1/N )
N∑
n=1
ci sin(nθ + ϕi)/
√
π, (4-2)
where N is generated randomly in the interval [10, 100]; each ci(ϕi) is generated randomly and independently in the
interval [0, 2π]; N =∑Nn=1 c2i . This generating scheme makes f (θ) to be a white noise. It is reasonable to model the
fluctuation of a QD’s boundary f (θ) as the white noise. Because the boundary of a QD formed by etching is caused
by atomic dissociation process which is mesoscopically regulated and microscopically random.
When the Hamiltonian of a deformed QD is generated, we solve the Schro¨dinger equation for the QD with finite
element method, and obtain the wavefunctions for the edge states|↑↓〉c and |↑↓〉v. Then we can calculate |c1/c0|2 as
∣∣∣∣c1c0
∣∣∣∣
2
=
∣∣∣∣ 〈↑|v rˆ+ |↑〉c〈↑|v rˆ− |↑〉c
∣∣∣∣
2
=
∣∣∣∣ 〈↓|v rˆ− |↓〉c〈↓|v rˆ+ |↓〉c
∣∣∣∣
2
. (4-3)
